A Family of Étale Coverings of the Affine Line  by Joshi, Kirti
File: 641J 199301 . By:CV . Date:22:08:96 . Time:09:18 LOP8M. V8.0. Page 01:01
Codes: 4015 Signs: 2401 . Length: 50 pic 3 pts, 212 mm
Journal of Number Theory  NT1993
journal of number theory 59, 414418 (1996)
A Family of E tale Coverings of the Affine Line
Kirti Joshi
School of Mathematics, Tata Institute of Fundamental Research,
Homi Bhabha Road, Bombay 400 005, India
Communicated by D. Goss
Received June 12, 1995; revised August 25, 1995
It this note we prove the following theorem. Let ?alg1 (A
1
C) be the algebraic
fundamental group of the affine line over C, where C is the completion of the
algebraic closure of Fq ((1T)), and Fq is a field with q elements. If Fq has at
least four elements, then we show that there is a continuous surjection ?alg1 (A
1
C) 
 SL2(AI)[+ \1], where A=Fq [T] and the inverse limit is over the family of
non-zero, proper ideals of A. This result is proved by using the moduli of Drinfel’d
A-modules of rank two over C with I-level structures; these curves give (tamely)
ramified covers of the line and the tame ramification is removed using a variant of
Abhyankar’s lemma.  1996 Academic Press, Inc.
1. INTRODUCTION
This note was inspired by a colloquium talk given by S. S. Abhyankar at
the Tata Institute (during his visit in December, 1992) on [3].
While it is trivial to see that the fundamental group of the affine line in
characteristic zero is trivial, in [1] Abhyankar showed that the situation in
characteristic p>0 is radically different and far more interesting; he also
conjectured (in [1]) that any finite group whose order is divisible by p and
which is generated by its p-Sylow subgroups occurs as quotient of the
algebraic fundamental group of the affine line over k (k any perfect field of
characteristic p>0).
In [3] (see Theorem 3.2 of [3]), classical modular curves are used to
produce coverings of the affine line over fields of characteristics two and
three (by specialization). In this ‘‘modular’’ optic, we show that, one can
use Drinfel’d modular curves to produce coverings of the affine line over a
suitably large field of any positive characteristic.
Abhyankar’s conjecture has been proven by M. Raynaud (see [11]), and
the proof appeared a little while after this note was written. While
Abhyankar’s conjecture indicates that the algebraic fundamental group of
the affine line is quite complicated, our result perhaps illustrates its
cyclopean propertions.
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Since this note was written, Abhyankar (in private communications) has
informed us that he has obtained several new equations with the symplectic
and the orthogonal groups as Galois groups. The crucial input for these
results is the crucial pre-Drinfel’dian work of O. Ore on Drinfel’d modules
(see [10]).
We would like to thank N. Mohan Kumar for numerous suggestions and
conversations; he also explained to us a variant of Abhyankar’s Lemma,
which is crucial to our argument. We would also like to thank E.-U.
Gekeler, Dipendra Prasad for electronic correspondence while this note
was being writtentheir remarks and suggestions have been extremely use-
ful; in particular we would like to point out that the conjecture stated at
the end of this note was formulated with the help of Dipendra Prasad. We
would also like to thank M. V. Nori for useful comments and Dinesh
Thakur for encouragement.
2. MODULI OF RANK TWO DRINFEL’D MODULES
Let Fq denote a finite field with q=pm elements and of characteristic p.
We will write A=Fq [T], K=Fq (T). Further denote by K , the comple-
tion of K along the valuation corresponding to 1T. Denote by C the com-
pletion of the algebraic closure of K . The field C is thus a ‘‘universal
domain’’ of characteristic p. There is a natural inclusion KYC. For any Fq
algebra R, let
G1(R)=[g # GL2(R) | det(g) # Fq*],
G(R)=G1(R)Z(Fq),
where Z(Fq) is the group of Fq-valued scalar matrices with nonzero deter-
minant.
We will work with Drinfel’d A-modules of rank two over C, see [4], [6]
or [7] for definitions and basic properties. The fact that these rank two
modules have moduli and the moduli is a smooth affine curve is a very
special case of results proved in [4].
We need several facts about Drinfel’d modular curves.
Theorem 2.1. The ‘‘coarse moduli ’’ of rank two Drinfel'd modules over C
is the affine line over C.
Proof. For a proof see [7] paragraph 1.32, or [5]. K
The following result is really the heart of our construction.
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Theorem 2.2. For every non-zero ideal I/A, there is a ‘‘coarse moduli ’’
of Drinfel'd modules of rank two with full I-level structure exists, denoted by
XI , and is an affine curve over C. There is a ‘‘forget the level structure’’
morphism XI  A1C . This map is branched only over 0 # A
1
C and is Galois with
Galois group G(AI). The ramification index of any point lying over 0 is
q+1 (and hence tame) and is independent of I.
Proof. The existence of the moduli is due to Drinfel’d (see [4]). These
curves have been studied, first, in [7] and later in [5], [6]. The Galois
group is calculated in [7], [6] (see Lemma 1.4 of the latter). The ramifica-
tion information is computed in [7], (see Lemma 4.2). K
3. THE MAIN THEOREM
We are now ready to state and prove our main theorem.
Theorem 3.1. If p=2, 3 then assume that q=pm with m2. There is a
family of e tale coverings, YI of A1C , indexed by the nonzero proper ideals
I/A. The curves YI are affine curves over C and the covering YI  A1C is
Galois with Galois group SL2(AI)[\1]. Moreover, these coverings form
an inverse system indexed by I. Thus in particular we have a continuous
quotient
?alg1 (A
1
C)  
I
(SL2(AI)[\1]).
Proof. By Theorem 2.2, we have a tamely ramified covering XI  A1C
which is branched over one point 0 # A1C . Also note that the ramification
index of any point over 0 # A1C is q+1, independent of the ideal I/A.
Now we apply a suitable variant of Abhyankar’s Lemma (for one of its
avatars see [2]) to remove the tame ramification in the covering XI  A1C .
The crucial thing is to ensure, if possible, that the ‘‘pull back’’ coverings
remain irreducible. The following variant of Abhyankar’s Lemma (see
Lemma 3.1) which was pointed out to me by N. Mohan Kumar, gives an
explicit criterion to check irreducibility. After this the proof of the theorem
is an easy exercise in elementary group theory. K
Lemma 3.1. Let k be an algebraically closed field of characteristic p. Let
X  A1k be a finite Galois cover over k, with Galois group G. Further assume
that the cover is branched only over 0 # A1k  A
1
k be a Zn covering ramified
completely at 0, and unramified elsewhere. Let X$ be the normalization of the
fibre product X_A1k A
1
k . Suppose that there are no nontrivial homomorphisms
G  Zn. Then X$ is irreducible and e tale over A1k , and the Galois group of
the covering X$  A1 is G.
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Proof. Clearly one is reduced to proving the following field theory
statement:
Let Lk(t) be a finite Galois extension with Galois group G. Let
E=k(t1n). Then Lk(t) and Ek(t) are linearly disjoint over k(t) if and
only if there are no nontrivial homomorphisms G  Zn.
And the above statement is immediate from the fact that Ek(t) is a
Kummer extension. This finishes the proof. K
We now need some elementary group theoretic lemmas to apply the
above criterion.
More notations: for any prime ideal p{0 of A, write G n1=G1(Ap
n),
and Gn=G(Apn); for all n1 let G (n, n&1)=ker(Gn  G n&1) be the kernel
of the natural map. The results which follow are valid for any nonzero
prime ideal p/A, so we have suppressed p in our notations. We have a
natural morphism G 1  Fq*Fq*2, given as follows: lift elements of G1 to
G11 , and take determinant. Now any two lifts differ by an element of Z(Fq),
and so determinant of an element of G1 is defined up to an element of Fq*2.
This map will be referred to as the canonical map in this sequel. Also
observe that G n1 contains SL2(Ap
n).
Lemma 3.2. 1. Let q=2m, m2. Then for any n1 there are no non-
trivial maps Gn  Z(q+1).
2. Let q=pm, p{2. If p=3 let m2. For n1 we have a natural
map Gn  Z2, obtained by identifying Fq*Fq*2 with Z2. Any map
Gn  Z(q+1) factors through the canonical map G n  Z2 followed by the
inclusion of Z2YZ(q+1).
Proof. The proofs in the two cases, q even and q odd are more or less
the same, and in any case elementary, so we give a sketch of the arguments,
for q even. Since q is even, Fq*=Fq*2, so the target of the canonical map
is trivial.
The proof is by induction on n. For n=1, we use the fact that SL2(F)
where F is any field with at least four elements (this explains the restriction
on m) is perfect (i.e. has no abelian quotients). For n>1 it is easy to show
that the kernel of any map Gn  Z(q+1) contains G (n, n&1), so that this
map factors through Gn&1. Then we are done by induction. K
Now we can identify our Galois groups.
Lemma 3.3. Let q=pm, if p=2, 3 let m2. Let p be any non zero prime
ideal in A. If p=2 then
Gn=SL2(Apn).
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If p{2, let G n=ker(Gn  Z2). Then
G n=SL2(Apn)[\1].
Thus we can now prove our main theorem. If p=2, then the pull back
coverings remain irreducible and the Galois group is Gn. If p is odd, then
there is a quadratic subfield in common. And the Galois group is G n. Then
we are done by the above lemmas.
Remark. In contrast to Theorem 3.2 of [3], the tame ramification index
in the Drinfel’dian situation is bounded independent of the level of the
modular curve involved, and so a single application of Abhyankar’s lemma
removes tame ramification in the entire modular tower. In the classical
situation (in characteristics two and three) the tame ramification index
varies with the level, and so one cannot get a tower of e tale coverings this
way.
After the result of Madhav Nori (see [8]) and the one proved above, we
would like to advance the following conjecture:
Conjecture 1. Let GK be any isotropic, semi-simple, simply-connected
algebraic group over K=Fq (T), with center Z. Let A finK denote the finite
adeles of K. Then any maximal compact subgroup of G(A finK )Z(Fq) occurs as
a continuous quotient of the fundamental group of the affine line over C.
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